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Performance of Three-Dimensional Compressible Navier-Stokes
Codes at Low Mach Numbers
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The low-Mach-number performance of two widely used three-dimensional compressible Navier-Stokes solvers
is examined. Both of the codes employ a finite volume formulation, but differ in their respective discretization
and solution schemes. In the first code, a central-difference discretization is employed and solutions are obtained
using an explicit Runge-Kutta time-stepping scheme. In the second code, an upwind-biased discretization is used,
and an implicit approximate factorization scheme is employed. The accuracy and efficiency of the codes are
assessed by comparison with results from an incompressible Navier-Stokes solver and experimental data. The test
cases examined include an untwisted rectangular wing and a wing-fuselage configuration. The computed pressure
distributions were nearly identical, and agreed quite well with experimental data. In addition, the predicted
pressure distributions were nearly identical to those predicted by the incompressible flow-solver. The influence of
freestream Mach number on the efficiency of both compressible-flow solvers also is examined.

Nomenclature
CD = drag coefficient
CL = lift coefficient
Cp = surface static pressure coefficient
c = local chord length
M = Mach number
N = total number of grid points
Nc = number of grid points with Mach number >0.30
Re = Reynolds number based on mean geometric chord
u,v,w = velocity components in the jc, y, z directions
u+ = incompressible law-of-the-wall velocity, u/ur
ur = incompressible friction velocity, *J(rw/PQQ)
v = total velocity magnitude
x > y , z = Cartesian coordinate system
x/c = nondimensional chord fraction
y+ = incompressible law-of-the-wall coordinate,

a = angle-of-attack, deg
£ = normal coordinate to wing surface
77 = nondimensional semispan fraction
v = kinematic velocity
p = density
TW = wall shear stress

Subscripts

f = final value
oo = freestream value

Introduction

C OMPUTATIONAL fluid dynamics has previously been moti-
vated by the need to accurately and efficiently obtain solutions
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for compressible-flow problems. The progress made over the past
decade has made it possible to accurately predict compressible three-
dimensional viscous flows over complex configurations. As a conse-
quence, methods for solving the three-dimensional incompressible
Navier-Stokes equations have only recently become efficient. For
this reason, compressible flow solvers are still often used to simulate
low-speed flows.

This present work was motivated by the current interest in the
design and optimization of high-lift systems using Navier-Stokes
solvers.1 The flowfields of interest are typical of takeoff and landing
conditions, with freestream Mach numbers of approximately 0.20.
Even though the freestream Mach numbers of interest are low, the
flow around a transport wing with high-lift devices deployed may
contain regions of supersonic flow.2 Thus, to properly model the flow
physics, a compressible-flow solver may be required. However, the
application of a compressible-flow solver at low Mach numbers can
be problematic.

At low freestream Mach numbers, the performance of a com-
pressible flow solver can be expected to degrade to the point where
either the solver becomes inefficient, or accurate solutions may be
unobtainable.3'4 The inefficiency stems from the fact that the al-
lowable local time step is inversely proportional to the local speed
of sound.5 As the freestream Mach number decreases, the speed
of sound increases, and the allowable time step decreases. As a re-
sult, solution times increase. Also, in the limit as the freestream
Mach number goes to zero, the solution of the compressible-flow
equations becomes singular.6 For these reasons, it is necessary to
examine the low-Mach-number performance of a particular flow
solver to determine where it becomes inefficient or inaccurate.

Recently, several researchers investigated the performance of
compressible-flow solvers at low freestream Mach numbers.3'4
Although quite informative, the geometries used for the computa-
tions were two-dimensional. The objective of this paper is to com-
pare the low-Mach-number performance of two widely used three-
dimensional compressible Navier-Stokes solvers. For comparison,
results obtained from an incompressible Navier-Stokes solver also
are presented. The compressible Navier-Stokes solvers chosen,
TLNS3D-MB7 (TLNS3D) and CFL3D,8 represent the current state
of the art of compressible three-dimensional Navier-Stokes solvers.
The incompressible Navier-Stokes solver, INS3D-UP9 (INS3D),
represents the current state of the art of incompressible Navier-
Stokes solvers.

The performance of the two compressible-flow solvers is eval-
uated using the following approach. Two geometries of practical
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engineering interest are examined. The first geometry is an untwisted
rectangular wing.10 The second geometry is a subsonic transport
wing-fuselage configuration.11 The accuracy of the computational
results is examined by making direct comparison to available exper-
imental data. In particular, the influence of freestream Mach number
on the efficiency of the compressible-flow solvers is examined in
detail.

Computational Codes
The three computational codes used in the present research are

discussed briefly below. Both compressible-flow solvers, TLNS3D
and CFL3D, were developed at NASA Langley Research Center.
The incompressible-flow solver, INS3D, was developed at NASA
Ames Research Center. Both TLNS3D and CFL3D are finite volume
codes, whereas INS 3D is a finite difference code.

TLNS3D solves the three-dimensional, time-dependent, thin-
layer compressible Navier-Stokes equations for a body-fitted coor-
dinate system.7 The equations are discretized in a central-difference,
finite volume formulation. The solution is advanced to steady state
using an explicit Runge-Kutta time-stepping scheme that is second-
order accurate. Artificial dissipation in the form of blended second
and fourth differences is added for stability. The artificial dissipa-
tion can be added in either scalar or matrix form. For the present
research, only the matrix form of artificial dissipation is employed.
Additional details of the code can be found in Ref. 7. CFL3D solves
the time-dependent, thin-layer, compressible Navier-Stokes equa-
tions for a body-fitted coordinate system.8 The equations are dis-
cretized using an upwind-biased, finite volume formulation. The
convective and pressure terms are upwind biased using the flux-
difference splitting scheme of Roe. The shear stress and heat transfer
terms are centrally differenced. The solution is implicitly advanced
to steady state by use of a three-factor approximate factorization
that is second-order accurate. Thomas et al.8 give additional details
of CFL3D. For steady-state solutions, both TLNS3D and CFL3D
take advantage of several acceleration techniques, including multi-
gridding, grid sequencing, and local time-stepping. INS3D solves
the incompressible Navier-Stokes equations for a body-fitted coor-
dinate system, using the method of artificial compressibility.9 The
equations are discretized using an upwind-biased finite difference
formulation. The convective, pressure, and shear stress terms are
treated similarly to those of CFL3D. The solution is implicitly ad-
vanced to steady state using a Gauss-Seidel-type line relaxation
scheme. The resulting solution is second-order accurate. Further
details of the code can be found in Ref. 9.

All three Navier-Stokes solvers discussed above offer several tur-
bulence modeling options. For the present research, only the one-
equation model of Spalart-Allmaras10 is used to simulate the effects
of fine-scale turbulence. This turbulence model has become avail-
able only recently in INS3D, and results obtained with this present
version should be interpreted cautiously. For all test cases presented,
fully turbulent flow was simulated.

To consistently compare the convergence characteristics of the
codes, the lift coefficient was monitored. When the lift coefficient
converged to four decimal places, the solutions were considered con-
verged. In addition, the computation time was monitored to compare
computational efficiency.

Experimental Data
The results obtained from all three Navier-Stokes solvers were

validated by making comparison to experimental data. Two geome-
tries of practical interest are considered. The first geometry11 is an
untwisted rectangular wing with an aspect ratio of 6.0. The wing
cross section is the NACA 0012 airfoil. The tests were conducted
at a freestream dynamic pressure of 30.0 psf, which corresponds
to a freestream Mach number of 0.14 and Reynolds number of
3.17 x 106. The wing was well instrumented with surface pres-
sure taps at 10 spanwise stations. The manufacturer's stated accu-
racy for the electronically scanned pressure system was ±0.72 psf.
In addition, force and moment data are available. The second ge-
ometry is a subsonic transport wing-fuselage configuration.12 The
wing has an aspect ratio of 10.0, with a quarter-chord sweep angle
of 27.0 deg and a 5.0-deg dihedral angle. The wing is constructed
of supercritical airfoil sections, with a nonlinear twist distribution.
The tests were conducted at a freestream Mach number of 0.20, at a

stagnation pressure of 5.0 atm. The corresponding Reynolds number
was 4.20 x 106, with a dynamic pressure of 260.0 psf. The exper-
imental data consist of force and moment data, along with wing-
pressure data at three spanwise stations. The wing surface pressures
were measured by ±15.0-psi differential pressure transducers and
four 48-port scanning valves.

Results and Discussion
Figure 1 shows a partial view of the C-O grid used for the rect-

angular wing geometry. An algebraic grid-generation algorithm
based on transfinite interpolation was used to generate the three-
dimensional grid. Grid points have been clustered where large flow
gradients exist in the chordwise, spanwise, and normal directions.
For this wing geometry, the upstream and downstream boundaries
extend eight root-chord lengths from the leading and trailing edges
of the wing, respectively. Figure 2 shows a partial view of the sin-
gle block C-O grid topology used for the wing-fuselage configura-
tion. The grid was generated using GRIDGEN.13 The upstream and
downstream boundaries extend six semispan lengths, which corre-
sponds to approximately 18 wing root-chord lengths. Because no
side slip was considered, symmetry conditions were applied at the
root plane of each grid.

Rectangular Wing Computations
A grid refinement study was conducted for the simple wing

configuration using all three codes. Figure 3 compares computed

Fig. 1 Partial view of rectangular wing C-O grid.

Fig. 2 Partial view of transport wing-fuselage C-O grid.
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Fig. 3 Influence of grid refinement on rectangular wing pressure dis-
tribution: 77 = 0.6084 (Moo = 0.14, a = 10.01 deg,/fc? = 3.17 x 106):
o, experiment; ——, 289 X 73 x 73; - • - - , 193 x 49 x 49; and ---,
97 X 25 X 25.
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Fig. 4 Influence of grid refinement on rectangular wing lift and drag
coefficients (M^ = 0.14, a = 10.01 deg,/te = 3.17 x 106): o, TLNS3D;
A, CFL3D; and <C>, INS3D.

pressure distributions obtained from three representative grids to
experimental data at one spanwise location. These computations
simulated fully turbulent flow, using the Spalart-Allmaras turbu-
lence model. The grid dimensions, such as 193 x 49 x 49, represent
the number of grid points in the streamwise, normal, and spanwise
directions, respectively. Refinement of the grid improves the agree-
ment with experimental data, particularly in the leading-edge region.
The results obtained using the 289 x 73 x 73 grid are identical within
plotting accuracy to those obtained using the 193 x 49 x 49 grid
for all three codes. Figure 4 shows the influence of grid refinement
on computed lift and drag coefficients. On the two finest grids, the
maximum variation in lift coefficient for both compressible-flow
solvers is 1.1 %, whereas for INS3D, the variation is only 0.1%. The
maximum variation in drag coefficient for both compressible-flow
solvers is 2.0%, whereas for INS3D, the variation is approximately
4.3%. Figure 5 shows the influence of grid refinement on upper-
surface streamwise velocity profiles at the 50% chord location at
the same spanwise location. Again, the results from the two finer
grids are nearly identical. From this grid refinement study, it is evi-
dent that the 193 x 49 x 49 grid is capable of adequately resolving
the features of the flowfield. This grid was used for the subsequent
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Fig. 6 Comparison of predicted and experimental rectangular wing
drag polars (Moo = 0.14,/te = 3.17 x 106): •, experiment; o,TLNS3D;
D, CFL3D; and A, INS3D.

computations. With this grid, typical values of y+ for the first grid
point off of the wing surface were in the range of 1-5, with approx-
imately 25 grid points clustered in the wing boundary layer.

Figure 6 compares computed and experimental drag polars. The
computations were performed at the following angles of attack:
10.01, 16.00, and 18.10 deg. In general, the agreement with the
experimental data is good. The three codes agree well at the two
lower angles of attack. However, INS 3D underpredicts the flow
separation at the highest angle of attack. Subsequent computations
with INS 3D have shown that the choice of turbulence model has a
strong impact on the predicted flow separation. Given this result,
detailed comparison of the computational results from all three flow
solvers are presented only at the lower angle of attack, where all
three codes have predicted attached flow.

Figure 7 compares predicted pressure distributions to experimen-
tal data at three spanwise stations for a = 10.01 deg. Across the
span of the wing, all three flow solvers accurately predict the leading-
edge suction peaks, and their associated adverse pressure gradients.
At the two inboard stations, the computational results are nearly
identical, and agree quite well with the experimental data. At the
outboard station, the influence of the tip vortex on the upper surface
is consistently underpredicted. The computations, however, are still
in good qualitative agreement with the data. Note that the computed
spanwise load distributions were nearly identical.14

Figure 8a compares computed upper-surface streamwise veloc-
ity profiles in physical coordinates at 50% chord, and rj = 0.6084.
The similarities among the profiles are encouraging. Outside of the
boundary layer, all codes predict nearly identical flow acceleration
over the wing. Inside the boundary layer, small differences are ob-
served. The profile predicted by INS3D is slightly fuller, and thus
more resistant to flow separation. This result may partially account
for the underprediction of flow separation by INS3D at the higher
angles of attack, as discussed above. The velocity profiles in incom-
pressible wall coordinates are shown in Fig. 8b. This comparison
confirms that the differences in the boundary-layer profiles in the
inner region are small. In the outer region, the differences between
the compressible and incompressible results arise because of the
higher wall shear stress predicted by INS3D. Similar observations
were made at other locations.

Figure 9 compares the convergence histories of lift and drag co-
efficients from all three flow solvers. The normalized coefficients
are plotted relative to Cray Y-MP CPU time in hours. The arrows
indicate where the lift coefficient has converged to 99.5% of its fi-
nal value. Using this criterion, the drag coefficient is also similarly
converged. The computational time of CFL3D is approximately
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60% higher than that of INS3D, whereas the computational time of
TLNS3D is approximately twice that of INS3D.

The influence of freestream Mach number on the efficiency of
both compressible-flow solvers is examined using the following ap-
proach. The angle of attack and Reynolds number are held constant,
but the freestream Mach number is varied. For this study, the fol-
lowing freestream Mach numbers were chosen: 0.14, 0.20, 0.30,
and 0.40. In Fig. 10, the computational times required for the lift
coefficient to converge to 99.5% of its final value are plotted vs
the freestream Mach number. Also shown as a measure of flowfield
compressibility is the fraction of grid points with a Mach number
greater than 0.30. As the freestream Mach number decreases, the
predicted flowfields change significantly, ranging from compress-
ible to largely incompressible. As the freestream Mach number de-
creases, the computational times increase significantly, on the order
of 75%. Consistently, CFL3D is more efficient, requiring approxi-
mately 20% less CPU time than TLNS3D at the lowest freestream
Mach number examined. The INS3D solution for this angle of at-
tack required 1.67 h, which is approximately 60% less than that of
CFL3DatMoo =0.14.

Transport Wing-Fuselage Computations
A grid refinement study was conducted for the transport wing-

fuselage configuration using only TLNS3D. For the sake of brevity,
these results are not presented. From this grid-refinement study,
it was clear that a 241 x 65 x 81 grid was capable of resolving
the features of the flowfield. The resulting wing grid is 145 x 61.
With this grid, typical values of y+ for the first grid point off of the
wing surface and fuselage surface were in the range of 1-5, with
approximately 25 grid points clustered in the boundary layer.

Figure 11 compares computed pressure distributions to experi-
mental data at three spanwise locations. These computations sim-
ulated fully turbulent flow, using the Spalart-Allmaras turbulence
model. The computations agree quite well with the experimental
data. Across the span of the wing, all three flow solvers again ac-
curately predict the leading-edge suction peaks and the subsequent
adverse pressure gradients. The predicted lower surface pressure
distributions are identical to within plotting accuracy. On the up-
per wing surface, small differences are observed. At all stations,
INS 3D predicts slightly stronger adverse pressure gradients aft of
the leading-edge suction peak. Again, the computed spanwise load
distributions were found to be nearly identical.14

Figure 12a compares predicted upper-surface streamwise veloc-
ity profiles in physical coordinates at 50% chord, and 77 = 0.6234.
Again, the profiles are quite similar. INS3D predicts that the exter-
nal flow is slightly decelerated, compared to the results from both
compressible-flow solvers. This result is consistent with the stronger
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adverse pressure gradients predicted by INS3D, as discussed above.
Inside the boundary layer, INS3D again predicts a slightly fuller
profile. The profiles in incompressible wall coordinates are shown
in Fig 12b. Again, the profiles are nearly identical in the inner region.
Similar observations were made at other locations.

The computational times required for the lift coefficient to con-
verge to 99.5% of its final value were quite different. On a Cray
C-90 supercomputer, TLNS3D required 1.9 h, CFL3D required
2.1 h and INS3D required 2.7 h. This is in sharp contrast to the
rectangular wing computational times discussed above, where both
compressible-flow solvers required significantly more computa-
tional time than INS3D. For this test case, INS3D required approxi-
mately 40% more computational time than TLNS3D. These results
show that the relative computational times are case dependent.

Conclusions
The low-Mach-number performance of two widely used three-

dimensional compressible Navier-Stokes solvers is examined. Two
geometries of practical engineering interest are examined. The first
geometry is an untwisted rectangular wing, and the second is a
subsonic transport wing-fuselage configuration. The results of this
research provide guidance in evaluating the low-Mach-number per-
formance of compressible-flow solvers.

Both compressible-flow solvers accurately predicted the low-
speed flow over both geometries. The computed pressure distribu-
tions were nearly identical, and agreed well with the experimental
data. Also, the predicted pressure distributions were nearly identi-
cal to those predicted by the incompressible-flow solver. In addition,
predicted boundary-layer profiles from all three flow solvers were
quite similar.

The computational efficiency of the three flow solvers was ex-
amined by monitoring the computational times. For the rectangular
wing, both compressible-flow solvers required significantly more
computational time for the lift coefficient to converge to 99.5%
of its final value, compared to the incompressible-flow solver. For
the subsonic transport wing-fuselage configuration, this trend was
reversed, with the incompressible-flow solver requiring more com-
putational time. This shows that the computational times are case
dependent.

The influence of freestream Mach number on the efficiency of
both compressible-flow solvers was examined. As the freestream
Mach number decreased from 0.40 to 0.14, the computed flowfields
changed significantly, ranging from compressible to largely incom-
pressible. Over this Mach-number range, the computational times
increased on the order of 75%.
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